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Further Results Based on Chernoff-type Inequalities

G. R. Mohtashami Borzadaran *
Department of Mathematics and Statistics, Faculty of Sciences
Unwersity of Birjand, Birjand, IRAN
D.N. Shanbhag
Probability and Statistics Section, School of Mathematics and Statistics,
The University of Sheffield, Sheffield, S3 7TRH, UK.

Abstract

In this paper, we address questions dealing with characterizations based on Chernoff-
type moment inequalitics and their variants and establish, via the approach of Alharbi &
Shanbhag (1996), a genceral theorem extending, among others, various results of Caconllos

& Papathanasiou (1995a,1995b).

AMS classification : Primary 62E10; Secondary 60E05, 60E15

Keywords: The Chernoff-inequality, Variance Bounds, Lebesgue-Stieltjes Measure, Hazard mea-

sure, Characterizations, The Cox Representation.

1 Introduction

There is an extensive literature dealing with upper and lower bounds for the variance of
a function of a random variable : Chernoff (1981) gave a bound for the variance of an abso-
lutely continuous function (w.r.t. Lebesgue measure) of a normal random variable. Cacoullos
(1982) and Klaassen (1985) obtained variations of the inequality relative to other distributions
and also gave the corresponding lower bounds. Borovkov & Utev (1983), and several oth-
ers, gave characterizations via Chernoff-type inequalities. During the last fifteen years or so,

many papers have appeared on modified versions or variants of the Chernoff inequality and

"This author’s research is supported by the University of Birjand, Birjand, IRAN.
fCorrespondence author.
'This author’s work is supported by the US Army Research Grant DAA HO4-96-1-0082.



related characterizations. Variations or extended versions of these latter results and character-
izations relative to Chernoff-type inequalities have been obtained by Cacoullos & Papathana-
siou (1985,1989,1992,1995a,1995b), Chen (1982), Koicheva (1993), Parakasa Rao & Sreehari
(1986,1987,1995), Srivastava & Sreehari (1987,1990), Parakasa Rao (1992), Purkayata & Bhan-
dari (1990), Hwang & Sheu (1987) and Korwar (1991) among others. Alharbi & Shanbhag
(1996) extended some of these results to a more general set-up relaxing the assumption that
the distribution is absolutely continuous (w.r.t. Lebesgue measure) or it is purely discrete.

We now use the Alharbi-Shanbhag ideas to extend and unify further results in the literature,
including among others, those of Cacoullos & Papathanasiou (1995a,1995b). We also give here
a relevant representation concerning the distributions that are characterized. The results in Ca-

coullos & Papathanasiou (1995a,1995b), in turn, subsume many of the earlier characterizations

based on variance bounds.

2 General Characterizations Based on the Chernoff-type In-
equality

Alharbi & Shanbhag (1996) extended the theorems for distributions based on a version of
the Chernoff inequality to the case where distributions are not necessarily purely discrete or

absolutely continuous. Among the theorems they have established is the following theorem :

Theorem 2.1 Let F* be a non-constant Lebesque-Stieltjes measure function on R and vp.
be the measure on the Borel o— field of R determined by it. Let X be an r.v. such that
E{F*(X)} = p, and E({F*(X)}?) < oo and w be a Borel measurable function such that
w(X) > 0a.s. and Var{F*(X)} = E{w(X)}. Further let T be the class of real-valued absolutely
continuous functions g with Radon-Nikodym derivative ¢’ w.r.t. the measure vp. (i.e. such that
g(b) — g(a) = f(a,b] g'(x)dvp.(z) for all a and b with a < b), satisfying E({g(X)}?) < co and
0 < E{w(X)[g'(X))?} < 0o. Then
Varlg(X)] -

2 Ew(X)ly 0P W
if and only if
w(r)dF(z) = { [ )[F*(z) — pldF(2)}dvp. (), © € R, (2)

where F is the df of the rv. X .

They also established that if X, w, g and 7 are as in the above theorem but with E{w(X) |
g (X) |} < oo and E{w(X)g'(X)} # 0in place of 0 < E{w(X)[¢'(X)]?} < oo, then the assertion



of the theorem holds with

o Var[g(X)|Var[F*(X)]
ger  E2{w(X)g'(X)}

=1, 3)

in place of (1). (Inclidentally, this latter result is our Corollary 2.6 given below.)

General theorems of Alharbi & Shanbhag (1996), subsume known results relative to distri-
butions that are absolutely continuous w.r.t. Lebesgue measure and those relative to purely
discrete distributions. Using the ideas in this latter paper, we now extend major results of Ca-
coullos & Papathanasiou (19952,1995b) on covariance identities and variance bounds, to have
results essentially in the spirit of the results of Alharbi & Shanbhag (1996) stated above. We

also give a representation for distributions, linked with our results.

Theorem 2.2 Let F* be a non-constant Lebesgue-Stieltjes measure function on R and vps be
the measure on the Borel o— field of R determined by it, and let h* and Z be Borel measurable
functions. Let X be an r.v. with df F such that h*(X) is integrable with p* = E[h*(X)]
and E{|Z(X)(xep)}) < o0 for every —oo < a < b < oo and satisfying the condition
that liminf, .o (h*(x) — u*) > O if the right extremity of F equals oo, and the condition that
liminfy—_oo(u* — h*(x)) > 0 if the left extremity of F equals —oo. Further let T be the class
of real-valued absolutely continuous functions g with Radon-Nikodym derivative g w.r.t. the

measure vp+ (i.e. such that g(b) — g(a) = [(a b g (z)dvp«(x) for all a and b with a < b). Then,

we have the condition

Cov{g(X), h*(X)} = E{Z(X)g'(X)}, (4)
met for all g with E( | Z(X)g'(X) | ) < oo, if and only if
Z(x)dF(z) = { [ )[h.*(z) — p*|dF(2)}dvps (1), = € R. (5)
J (2,00
(We read (4) as the condition where the left hand side of the identity is well defined and equals

the right hand side of the identity.)

~

Proof: The “if ” part can be proved via an extended version of the argument as in Alharbi &

Shanbhag (1996) by applying Fubini’s theorem as follows:



(5) implies that

E{Z(X)d'(X)}

e [m*-
= O

R

pldF

(2)}dvp- (x)

~ WdF (2)}dvp- ()

; /(m {/m u* — b ()dF (2)}dvp- ()

- /[aoo a))[h*(z

— p*|dF(z)

+ [ (o) - g - 1R
J(—o00,a)

= Cov{h*(X),g9(X)}.

It is easily seen that Fubini’s theorem applics here. The

follows :

We have

(6)

only if ” part could be proved as

E{Z(X)(X)} = [ o (0)Z()iF(x)

and with a € R,

Cov{g(X),h*(X)} = E{g(X)[h*(X) —E(h,*(X))]}

= [ a@k (@) = w P

= [ (o + / o (y)dvp- (1)) (0* (2) - p*]dF (a)
JR J{a, ZI‘]

= / / 9 (y)dvp-(y)[h*(x) — p*]dF ()
SR JS(a,x)

- /'m /(aT}.q’(y>dup-<y>[h*(:n>

/ / "(y)dvr- ()]
'ra]

— p*)dF(x) nonumber

(7) = n*ldF ()

- / (5 WP

u /[ — M dF () ¢' (y)dvp- (y)

*
- [ /W“' -t

£))g'(y)dve-(y).

Let —oo < a < b < co and let g be absolutely continuous w.r.t. vp« such that

, 0 ifzé¢(ab)
g(z)= {
1 ifz € (a,b).

Then

'/(“'b) Z(w)dF () Z-/(a.b)( ~/frl:,oo)[h*(y) -

dF(y))dvp- (),




for all arbitrary a, b > 0. This implies that

(_/[ - (h*(£) = w*))dF (1)) dvp- () = Z(z)dF(z),

which is (5).

Theorem 2.3 Let X, g, 7, Z and h* be as defined in Theorem 2.2, but additionally with
h* absolutely continuous w.r.t. vp., g(X) square integrable and E{Z(X)g'(X)} defined and

nonzero for every g € T, and h*(X) nondegenerate integrable satisfying
Var{h*(X)} = E(Z(X)h"'(X)). (7

Then

>, Var[g(X)|Var[h*(X)]
ser  EH{Z(X)g'(X)}

=1, (8)
if and only if (5) holds.
Proof: We shall first establish the “ if ” part; note that (8) is equivalent to
Var{g(X)}Var(h*(X)} 2 E{Z(X)g(X)}, g € 7, 9)
since the equality in (9) holds if g = h*. Clearly, if we assume (5), we have
E{Z(X)g/(X)} = Covlg(X),h* (X)), (10)

as seen in Theorem 2.2. Note now that the equality in (9) holds if g(.) = A*(.). Hence, under

the stated assumptions,

E*{Z(X)g'(X)} = {Covlg(X),h*(X)]}?

IN

Var(g(X)|Var[h*(X)], (11)

with equality in (11) if ¢ = h*. This establishes the “ if ¥ part of the theorem. The “ only if ”
part of the theorem may be proved by extending the method of Alharbi & Shanbhag (1996) as
follows:

Let (a,b) be a bounded open interval and



Clearly, in view of the relations (7) and (8)

Var{h*(X)} +92V(1r{/ X] (y)dvr-(y)}

+ 20Cov{h*(X) — p*, / Xlk(y)duw(y)}

1
Var[h*(X)]
+ 20E[Z(X)k(X)]. (12)

v

BIZ(X)h(X))] + B2E(Z(X)K(X)]

We see that

2 ; vie(y)} — ———-——1 ;2 o
0 (Var{‘/( MO ) = G B GOMXD)

+ 20(Conll (X) -, [  Hr- )
L EZOOWO) 20 (13)
Because (13) holds for all 6, it implies
Conli(X) =, | , Hvr- ) = ELZCOKOO)L
In view of Fubini’s theorem

r)dF(x / / — pW*)dF (z)}dvp- (),
- (“vb) (lb) [,00)

which implies (5). Hence we have the theorem.

Corollary 2.4 Let X and g and 7 be as defined the same as Theorem 2.1, but with E{w(X) |
g (X) |} < co. Then

Cov{g(X), F*(X)} = E{w(X)g'(X)}, - (14)

for all g if and only if (2) holds.

Proof: The corollary follows casily from Theorem 2.2 on taking h*(.) = F*(.) and noting that
the assumptions of the theorem are met.

~

Remark 2.5 One could also use an argument based on Fourier transforms to prove the “ only

if ” part of Theorem 2.2 and hence implicity of Corollary 2.4.

Corollary 2.6 (Alharbi & Shanbhag (1996)). Let X, h*, Z, g and T be as defined in
Theorem 2.3, but with h* = F*. Then

g Yarlg(X)Var[F*(X)]
ser  E*{Z(X)g'(X)}

if and only if (2) with Z in place of w holds.

=1, (15)




Proof: The corollary follows immediately from Theorem 2.3 on taking h* = F™*.

The following theorem gives a criterion under which any F satisfying (4) is identified by
(h*, F*,u*,2) :

Theorem 2.7 Suppose a € R, and in (5), Z(.) # 0 a.e. vp+, and (Z(.))"! and h‘Z..‘“ are

v« -integrable on every bounded interval, such that, for each r € R,

/ / / ) ) Z(J )(lF(yl)(il/pa (y2)...de- (yn) —0as n— 00, (]_6)
[a,x) /{a,yn) [am) 1-=1 Z(yi) Z(yn)
where we define [[a o= '['[y w) ify < a. Then, if F is a distribution function satisfying (5), we

have for every = € R,

*

00 n—1
— — h*(yi) — 1
F(x) = F(a +CE / / / ” dvpe(y1)...dvpe(yn),
( ) ( ) n=l( [a,z) J[a,yn) la,y2) Z(Jl) )Z(yﬂ) i (Jl) ! (J )

=1

(17)
where _]'[a’yn) Sz (I %)TL)ZTI is to be read as 7(:/_15 ifn=1, F(zr)=1-F(z=), = €
§R, and C = E{(h,*(X - I{XZa}}-

Proof: We have, under the stated assumptions,

Fa) = /[ 7 /[ )~ WE ) v (32)
= /[ )(h,'(yl) - //.*)(lF(yl))(lu,.u(:1/2)
72,00
- T [”)Z /[ () = B AF () v (1)
- T , ' (h*(y1) = p*) ,
= F(a)- /{a’x) m’lw‘ (y1) + '/[m) ‘/[am) —Z(';jz)—"’lF(yl)dVF‘(W)

. k-1 n—1
= h*(yi) —p*, 1
= Fla)+C g —l)"/ / / ” dvps (y1)...dvps (yn)
( ( Jlax) . [(l Yn) (a, 1/2)(- Z(:I/i) )Z(yﬂ-) F ( l r

n=|

) ' h*(y;) —/L Z(y1) .

+ (=1)* / / / dF(y1)dvps(yo)...dvps (y ) (with & > 2)

Joz) oy Jlamn) Hl Z(y:) 7 (yx)
n—1

F S [ ' h,*(’.l/i) — /1,* 1
— F(ﬂ +C —1)77 / / / dyre (1 )...(ll/ ‘(:l/n.),a'Sk—*OO ;
) Z( Mayz) Hayn (@ 7/2)(q Z(!ﬁ) )Z(yn) F (Jl F )

n=1

(18)

on using (16). Consequently, it follows that the assertion holds. (Note that (17) implies that
F is determined by (h*, F*, u*, Z) because the fact that F(z) - 0asz — oo and F(z) — 1 as
T — —oo implies in view of (17) also that F(a) and c are determined by (h* F*,u Z).)



3 Cacoullos & Papathanasiou (1995a, 1995b) Results as Corol-

laries

Cacoullos & Papathanasiou (1995a) generalized the covariance identity for univariate random
variables and used them to obtain several characterizations. Here, lower and upper variance
bounds were derived by them using a covariance identity, appearing in Cacoullos & Papthanasiou
(1995b).

In this section, we establish that some of the results of the papers of Cacoullos & Papthanasiou
(1995a,1995b) are corollaries to the results established in the last section. The following corollary
is essentially due to Cacoullos & Papathanasiou (1995a) on taking into account what is observed

in Remark 3.3.

Corollary 3.1 Leth and Z be absolutely continuous Borel measurable functions (w.r.t. Lebesgue
measure) and let X be an r.v. with df F such that h(X) is integrable with u = E[h(X))
and E{|Z(X)|I(xe(ab)}) < 00 for every —oco < a < b < oo and satisfying the condition
that liminf,_.o(h(z) — ) > O if the right extremity of F equals oo, and the condition that
liminf, . _oo(pe — h(x)) > O if the left extremity of F equals —oo. Further let T be the class of
real-valued absolutely continuous functions g with Radon-Nikodym derivative g’ w.r.t. Lebesque

measure. Then, we have the condition
Cov{g(X), h(X)} = E{Z(X)y'(X)}, (19)
met for all g with E( | Z(X)g'(X)|) < oo, if and only if

Z(z)dF(x) = { (h(z) = pldF(2)}dx, = € R. (20)

¢ [T,OO)

Corollary 3.2 Let X, g, 7, Z, and h be as defined in Corollary 3.1, but additionally with
Z(X)g'(X) and h*(X) integrable, and E{Z(X)¢'(X)k # 0 and V[(X)] = E[Z(X)'(X)).
Then

. BIZ(X)g'(X)]

Var(g(X)] > EZ(X)h (X))’

(21)
if and only if
Z(x)dF(z) = {/[ )[h,(y) — E(h)]dF(y)}dx. (22)

Equality holds if and only if g(.) = c1h(.) + co.



Proof: The result follows from Theorem 2.3 on taking F*(z) = z, z € R.

Remark 3.3 Corollaries 3.1 and 3.2, assuming a priori F' to be absolutely continuous, were
essentially obtained by Cacoullos & Papathanasiou (1995a, 1995b). Also, they had established
the specialized versions of Theorems 2.2 and 2.3 when F*(z) = [z], z € R (where [.] refers
to the integer part). Incidentally the arguments used by Cacoullos & Papathanasiou (1995a,
1995b) to get their results are based on an implicit application of Fubini’s theorem, and the
authors in question seem to have not stated explicitly the conditions under which the theorem
is applicable. In our results, we have put conditions so that the theorem works ; one could

obviously choose different conditions for this purpose.
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